PROCEEDINGS 

OF SCIENCE 



o 

(N 
-i— > 
O 

O 

ON 



Oh! 



> 

o 
in 

d 



A Ginsparg-Wilson approach to lattice 
symmetry 



Nigel Cundy 

Institutfiir Theoretische Physik, Universitdt Regensburg, D-93040 Regensburg, Germany 

Lattice Gauge Theory Research Center, FPRD, and CTP, Department of Physics & Astronomy, 
Seoul National University, Seoul, 151-747, South Korea 



E-mail: ndcundy@phya . snu . ac . kr 



There is a long standing challenge in lattice QCD concerning the relationship between c € 3 d - 
symmetry and lattice chiral symmetry: naively the chiral symmetry transformations are not in- 
variant under ^ ' & '. With results similar to a recent work by Igarashi and Pawlowski, I show that 
this is because charge conjugation symmetry has been incorrectly realised on the lattice. The 
naive approach, to directly use the continuum charge conjugation relations on the lattice, fails 
because the renormalisation group blockings required to construct a doubler free lattice theory 
from the continuum are not invariant under charge conjugation. Correctly taking into account the 
transformation of these blockings leads to a modified lattice c € 3? symmetry for the fermion fields, 
which, for gauge field configurations with trivial topology, has a smooth limit to continuum c € 3 d 
as the lattice spacing tends to zero. After constructing ^ '3? transformations for one particular 
group of lattice chiral symmetries, I construct a lattice chiral gauge theory which is ^ 3 d invariant 
and whose measure is invariant under gauge transformations and ^ 3 d . 
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1. Introduction 

The problem of simulating chiral symmetry on the lattice has been solved using the Ginsparg- 
Wilson procedure to derive an alternative lattice chiral symmetry. The symmetry is defined for a 
lattice Dirac operator D by a Ginsparg -Wilson equation [jl|], 

y L D + Dy R = 0, (1.1) 

where Jl and y R are local operators which reduce to 75 in the continuum limit and which satisfy 
y[ = y%, = 1, and a corresponding lattice chiral symmetry [§] 

Y ->ye ierL y = e iejR Y- (1-2) 

The simplest known practical lattice Dirac operator whose action is invariant under a lattice chiral 
symmetry is the overlap operator [9], 

D=l + 75 sign( J S:), (1.3) 

for some suitable kernel operator K. Conventionally, the symmetry is expressed using the choice 
Yl = 75 an d Jr = 75(1 — D). In practice, however, there is an infinite group of (non-commuting) 
chiral symmetries satisfied by any Ginsparg-Wilson Dirac operator, including the overlap opera- 
tor [§. 

A conceptual difficulty with these chiral symmetry relations is that they are not obviously 
^^-invariant. % 1 & symmetry has been applied to the lattice in its continuum form, which converts 

C €P? : y -^y/ T W : y^-W~ l y T 

-.Js^-W^yJw :D[U,x,y}^W- l D[U^^,x,y] T W. (1.4) 

For the lattice action to simultaneously respect chiral symmetry and 'tfiP symmetry would require 
^2? : y R — > —y L and : y L — > —y R , which has been shown to be impossible for any local 
yi and 7? with the correct continuum limit [pp. The lattice Dirac operator obeys the same ^ @> 
transformation law as the continuum operator [||]. 

In these proceedings, I suggest that this anomaly is caused because symmetry (or more 
specifically charge conjugation symmetry) has been incorrectly realised on the lattice, and, the 
correct form of the symmetry follows naturally from the same Ginsparg-Wilson procedure used to 
construct lattice chiral symmetry. In section Q I review the Ginsparg-Wilson renormalisation group 
procedure as used to construct overlap fermions; in sectional use these results to write down the 
modified lattice relations in the trivial topological sector, and, in section^], I construct a chiral 
gauge theory. I conclude and give an outlook in section ||| 

2. Renormalisation group blockings 

Working exclusively in the continuum, for a generating functional, with Dirac operator Do 

Z= [ d\i/ dy dUe- s ^ +w ° Do W +7 ° Vo+W 0) ( 2 .1) 
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where S g is some representation of the Yang-Mills action, we can transform to a new fermionic 
field Yi with Dirac operator D using invertible blocking matrices B, B and a, 

Z=J dU-^ J dYodWo^ Ss[UhWoDoVo+7oVo+Wo J dyydyie-^-v^Mw-B-Wo) 
- jd^dY^Ue-W-^ ^ 7 ^^ 1 , (2.2) 



with 

D = a-aB 1 -= — B l a. (2.3) 

Do + BaB 

As a — > oo, this reduces to 

D = BD B. (2.4) 
If the original action is invariant under chiral symmetry, 

y7 ->W e ie75 Yo -> e iers Wo, (2-5) 

then by expanding in infinitesimal e it is straightforward to show that the new Dirac operator obeys 
By 5 B ~ l D + DB l y 5 B = D{a~ l By 5 B l D + B 1 y 5 Ba 1 )D. (2.6) 

Using a ^ oo (so that the right hand side of Q vanishes), B {r]) = D^-^^ZD^ 1 ^ 12 and 
= Dq ( l+r, ^ 2 z~ l D( l+1 l^ 2 , with Z defined as a function which commutes with y 5 and maps 
the eigenvectors of Do onto the eigenvectors of D [0], one obtains the family of chiral symmetries, 

7 W =B iv) y 5 (B {Tl) )- 1 y^ =(bC))- 1 7 5 B ( ' ?) . (2.7) 

This formulation only works, of course, if the blocking matrices B and B 1 are invertible, which 
requires (although this condition is not sufficient) that the blocking is between two Dirac operators 
with the same rank, i.e. a lattice theory to another lattice theory with (possibly) a different lattice 
spacing and physical volume but the same lattice size, or a continuum theory to another continuum 
theory. To block from the continuum to a lattice requires that we express the lattice Dirac oper- 
ator as the smooth limit of an equivalent continuum Dirac operator (for example, with the same 
dispersion relation and the same renormalisation constants). This can be achieved by decomposing 
the Dirac operator into lattice and off-lattice components (e.g. one could use Schur's procedure, 
although my own work uses a different and more convenient decomposition), and then giving the 
off-lattice section an infinite mass in the continuum limit so that it leaves all physics unaffected and 
can be safely neglected in a numerical simulation. This procedure will, of course, not work for any 
arbitrary lattice Dirac operator — even if the Dirac operators are of the same rank, that does not 
necessarily or usually imply that the blockings are finite and invertible, but it does work for overlap 
fermions [|7p, as strongly implied by the observation that overlap fermions do, in fact, satisfy the 
Ginsparg-Wilson equation with local % and 
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In the topological sector with no zero modes 1 , the overlap and continuum Dirac operators can 
be decomposed into a basis defined by the non-zero chiral eigenvectors of D^D 

cos sin 
— sin0 cos0 





cos7r/2 sin7r/2 
— sin7i/2 cos7i/2 




(2.8) 



where 



Z =1 \8t) (fit I + |ft> <*T I , tan = 2Vl J^ D/ \ (2-9) 



and |g ) are defined (up to a constant phase fixed by equation (|2.8|)) by the equations 



DtD|^>=A, 2 |gf), 75kf)=±kf> J W>=1, 

D^D |ff>=A 2 ; .|^>, y 5 ||f)=±||f), =0. (2.10) 

It is now straight-forward to construct a practical form for ji and y R [^], 

=75 cos((t] + 1)(0 - n/2)) + sign(7 5 (D t - D)) sin((T] + 1)(0 - tt/2)) 

=7 5 cos((tj - 1)(0 - tt/2)) + sign(7 5 (D t -D))sin((Tj - 1)(0 - n/2)). (2.11) 

These operators are local only when (17 + l)/2 is an integer ^ (at the zero eigenvalues of 75 (D^ — 
D), = or n/2, so sin((rj + 1)(0 — n/2)) = only for these values of 77). The conventional 
Ginsparg-Wilson relation is the solution at 17 = 1 . It can be shown that these operators have the 
correct continuum limit, are Hermitian, unitary, and satisfy the Ginsparg-Wilson relation. This 
group of lattice chiral symmetries is that discussed by Mandula [ffl]. 

3. Application to ^ & symmetry 

The transformations of the blockings under ^ & symmetry follow directly from the known 
transformations of the Dirac operators and 75 : 

<tf&>:B^^W-\B hll) ) T W, ^^:B {11) ^W- l (B^) T W, (3.1) 

VPiffl-t-W^iyt^fW, t e9 > \$} ) -t-W^i^fW. (3.2) 
The blocked fermion field is given by 

tfrt =(*<">)- Vo, =Wo(B {ll) r\ (3-3) 



'The method outlined in this work struggles in other topological sectors because of difficulties with relating the 
lattice doublers associated with the zero modes with eigenvalues of the continuum Dirac operator. This causes a non- 
locality in the lattice "lt> 3? transformations (while a non-local lattice "US? symmetry is tolerable, the lattice ^ 3? needs 
to correctly reduce to continuum ^'J 21 and here the non-locality causes a problem). The issue is that the lattice operator, 
which describes two fermion fields, one physical and one doublet', is mapped to a single physical continuum fermion. In 
future work, I will discuss how this approach is modified when a 'doublet'' fermion is added to the continuum action |^[ 

§■ 
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and thus 

: yfi) ^W-'iW^kB^Y 1 ) 7 , xjf^ ^-((B^-'B^Y^fW. (3.4) 

By writing B and 5 in terms of their matrix decomposition, following the method outlined in 



equation ( |2.8| ), one obtains 

SfoJ^-n))-! = ^-D y5) (^(-n))-!^) = 75 #-D, (3.5) 

which gives 

<3» : ^_ w -i( ? ('?)^- 1 ) y5 )r ) ^ : ^) -^(yg^- 1 )^))^. (3.6) 
It can be shown that ^ 

[rsrt^M =o, rt^w^w^ =$\ (3.7) 

and hence 

^ : >D(1 + ^ W } ^"M"" 1 W + W~ 1 M" ) = W^Dil + riP W^, 
: xj/^Dy/^ -> y^D^. (3.8) 

Therefore both the standard and chiral gauge Lagrangians are invariant under this lattice ^ 8?. 
4. Weyl fermions 

To construct Weyl fermions, the measure should be invariant under both gauge transformations 
and ^ . On the lattice, the measure depends on the operators yjp' and therefore the gauge field. 
The fermion field can be decomposed in terms of a complete basis ^> + ' and where 

V M = £ [c (^+)^,+) + ^,-) c (l,-) ]) W (n) = £ [ ^,+)^ ! +) + ^,-)^,-) ] _ ( 4 

i i 

The measure is then \dY^d\j/^\ = \Yldc^ dc^ ^dcp dc^' ^|. The measure of a single 
Weyl fermion is constructed from (for example) (j)^'^ and (j)^' . It is convenient to write (j)^ 71 ^ 
as the eigenvectors of y^ and 0^' ± ' as the eigenvectors of y^\ so that 

$W*)=±tf*\ ^' ±) =±^' ±) (4.2) 

Under ^ these eigenvalue equations transform to 

-w-\i- v) ) T w(4>to*W) T =±&?*>*^) T 

-W-^fW^'^f = ±tfn*Wy (4.3) 



or 



VP-.^^ ->W~ l (§\ ri ' T) ) T , : ->W-\4~ V ' T) ) T ■ ( 4 - 4 ) 
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Since 



0,- = 757r >/' ' % 



(4.5) 



the transformation of the measure for a single Weyl fermion can be calculated by applying ^ & 



symmetry to equation ( |4.1| ) 

¥ (7?) 75ri ; 

and 



(-7?,_(TJ 



(4.6) 



(4.7) 



and this measure is invariant under 

The change in the basis after an infinitesimal change in the basis vectors tyf 1 '^ — > 
S^j V ' + \ -> 0y' 1 ' _) + %?; ?,-) is given by e^, where |g| 



(4.8) 



If the change in the basis is caused by a change in the Dirac operator D — ^ D + 8^D, then, by 
writing and in terms of the eigenvectors H + and H of 75D and considering the changes of 



those eigenvectors under changes of the Dirac operator [10], it is possible to show that 



= ™y } [(//r, 75 ^(D)//l)-(//+, 75 ^( 75 )//r)] 



1 

'4 Tr 



75 5^ (D) sin (2a 



D^-D 



DlDjl-2p 



(4.9) 



with 



(r,) = (e + (T7 + l)(7r/2-6>))/2. 



(4.10) 



For an infinitesimal gauge transformation £ in a representation the change in the Dirac oper- 
ator is given by 8^D = [D,R(%)], and 



1 

2 Tr 



75 ^Wl-^sin(2aW 



(4.11) 



because Tr 75 = and all the other operators commute with 75. Therefore the measure is gauge 
invariant. 
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5. Conclusion 

I have proposed that, in the sector with no global topological charge, the problems associated 
with the realisation of ^ & symmetry with lattice chiral fermions are an illusion derived from an 
incorrect application of the continuum form of % 1 @* symmetry to the lattice. The renormalisa- 
tion group blockings used to construct the lattice action are not themselves % 1 2? invariant, so the 
^2? transformation of the lattice fermion fields must differ from the transformation of continuum 
fermions. Construction of a possible lattice % ' transformation follows directly from the same 
Ginsparg-Wilson procedure used to establish chiral symmetry on the lattice. I have also shown that 
it is possible to construct a % ' & invariant chiral gauge action, where the measure is invariant under 
gauge transformations and ^ 2? . Similarly a Majoranna action can be constructed, and the Higgs 
correctly accounted for However, the method outlined here requires modification before being 
extended to other topological sectors. 
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